INTRODUCTION
In this note we consider subgroups of the automorphism group of a 2 -(v, k, 1) design. The notation is standard, see, for example, [2] . The number of blocks through a point is r = v -l/k -1 and the number of blocks b is vr/k. Recall that a flag is an incident point-block pair. There are two main results in this note. The first is straightforward, but essential to the proof of the second. The second section is devoted to the proof of this result. Let S(G) denote the maximal soluble normal subgroup of a group G. The second theorem relates to the structure of G/S(G). THEOREM 2. If G acts as a block-transitive group of automorphisms of a 2 -(v, k, 1) design and k divides v, then G/S(G) has a simple socle.
An essential part of this proof is Theorem 4.1 (O'Nan and Scott) of [ 11. This result is incorrect as stated there and we quote a correct version due to Dr. L. G. Kovacs in Section 3. The authors thank Dr. Kovacs for communicating this to them. Theorem 2 is proved in Section 3. We hope that given this theorem it may be feasible to investigate the possibilities for G/S(G) using the known simple groups. Points will be denoted by Greek letters thro U ghout.
2. PROOF OF THEOREM 1 LEMMA 1 . Let X be a permutation group on a set A. Assume that pe is the highest power of some prime p which divides /Al and assume that pe divides [X :X,,] f or all pairs a, /3 in A, a # /I. Then each orbit of X on A has size divisible by pe.
Proof
Let A = fl UT, where Q is the union of orbits with size divisible by pe. Let r = A -S, and assume I' is not empty. Then r has order divisible by pe. Let a be in r and let r, be the orbit of X containing a. Then IT, / is not divisible by p' and so [X, :X,,] is divisible by p for any p # a, p in A. If we choose p in Z-i we see that ]r, ] E 1 (mod p), while if we choose /I E T-T,, we have IT--r,] z 0 (modp). This would imply that r has order not divisible by p which is contrary to the earlier assertion that p' divides ]r]. Hence r is empty and the lemma is proved. 
PROOF OF THEOREM 2
We begin by quoting the corrected O'Nan-Scott theorem from [ l] .
Let G be a primitive permutation group on R with degree v and socle N. Then one of the following occurs. (ii) N = T, x . . . x T,, where T, ,..., T,,, are all isomorphic to a fixed simple group T. Moreover, either (a) T is a minimal normal subgroup of a primitive group K of degree vO, and G < K wr S, (with the product action), where r = v: and K wr S, denotes the standard wreath product; or (b) NnG,=D,x-.. x D,, where m = tl for some t, Di is the diagonal subgroup of To-,,l+, x a.. x Ti, and v = 1 Tit'-"!.
We now come to the proof of Theorem 2.
Proof. By Theorem 1, G acts transitively on flags and so by [2, 2.3.71 G is primitive on the points of the design. We can now use the O'Nan-Scott theorem and the notation therein. We consider the cases in reverse order.
Case (ii)(b).
In this case v is a power of the order of T. Hence the order of N and z, -1 are coprime. Since G is flag-transitive, G is transitive on the blocks through a and since N, is normal in G,, [N, : No,B] divides u -1, where B is a block through a. Thus it follows that N, = Na,B for all blocks B containing CL. Similarly N fixes all blocks through /3 and so N,nN, =Na,o fixes all points, as any point y is determined by the pair of blocks, B,, B,, where B, contains a and y and B, contains p and y. Thus N is a Frobenius group and that contradicts the assertion that we are in case (ii)(b).
Case (ii)(a). Put M = K wr S, and let K act on r with Irl= u0 and S, act on M = { I,..., m) so that M acts on r"" = { (7, ,..., y,); yi E T}.
Since G acts as a flag-transitive group for any pair of points a, p, IG, : %,,I > (u -1)/W -1).
Since G is a subgroup of H we have [H, : Hn,Bl > (v -lh'(k -1).
We choose for a the element of r", (v,..., y), y in I-and for the element p the element of r"", (6, y,..., y), where 6 is in r but 6 # y. From (*) we have This is only possible if s = 2 and K is 2-transitive on r. As a non-soluble normal subgroup of a 2-transitive group, T is the socle of K and acts primitively on r. Since k divides U; and (k -1) divides (vi -l), there exists an integer e such that vi = k(e(k -1) + 1). Thus from (*), v, < 2k -3 and so k(e(k -1) + 1) < (2k -3)'.
Hence e= 1. 2 or 3.
If e = 1, then N is abelian by A. Wagner [4] and so e = 2 or 3. As m = 2, G <K wr S, and there is an element s in G so that (T,)" = T2 and (T,)' = T, . Let L be a subgroup of index 2 in G so that both T, and T, are normal in L. Let B be a block of the design and assume that G,L = G.
Then L would satisfy the hypotheses of the Theorem with two istinct minimal normal subgroups. This situation can only occur in case (ii)(b) with which we have already dealt. Thus we can assume that G, <L and L, = G,.
Since [G : L] = 2, L has two orbits on blocks of equal size and so the number of blocks is even. If e = 2 there are 4k* -1 blocks and hence e = 3. However, L, is not transitive on the blocks through a, because otherwise L would be flag-transitive and this is false. But [G, : L,] = 2 and so L, has two equal-sized orbits on these blocks. Thus 3k + 1 is even. Hence k is odd and so (k, 3k-2)= 1. Thus ai= k(3k-2) implies that vi= azb2, where k = a', 3k -2 = b2 and (a, b) = 1.
Consider (T,), and note that T, normalizes (T,),. Hence as IT2: (T2),1= 0 f u or any point /I fixed by (T,),, the number of fixed points of (T,), is a non-zero multiple of uo. Let p be any fixed point of (T,), other than a. Let B be the block through a and /I. Then (T,), > (T,),. But T, is primitive on r and so (T,), is a maximal subgroup of T,. Hence (T,), = T, or (T,),. If (T,), = T,, T, fixes all the blocks of a block orbit of L. But then T, would fix at least two blocks through a and so T, = (T,),, which is false. Thus P-J, = CT,),. Now G, = L, and (T,), is normal in L,. But (T,), fixes the point a in B and G, is transitive on the points of B. Thus (T,), fixes all the points on the block through a. Hence given any two points fixed by (T,),, (T,), fixes all the points on the block joining them.
Since (T,), is normal in L, and (T,), fixes a block, say, B, through a, (T,), must fix all the blocks of the orbit of B under the action of L,. This orbit has (3k + 1)/2 blocks in it and so (T,), fixes (3k + 1)/2 blocks through a. Further NG,((Tl)a) acts transitively on these blocks and so (T,), fixes the same number of points on each block. This we have just shown is k. Also we know that (T,), fixes cu, points altogether, for some integer c > 0. so
2 .
Remember that k = a2 and a0 = ab. So 2cub = 2 + (a' -1)(3a* + 1).
Thus 0 = 2 -1 (mod a). This implies that a = 1 which is false as k > 2. If d = 2 and p + 1 = 2' for some e, a similar argument to the last paragraph of Theorem 5.8 of [3] will give the desired result.
We now consider p = 2 and d = 6. Thus G is a subgroup of GL(6,2) and [G, : Ga,B] = 9 or 21, for some block B containing a, the block size being either 4 or 8. By Hering [3] we can assume G is not doubly transitive. Also 3 1 does not divide 1 G, 1. Assume G, contains an element g of order 7 which does not act fixed-point-freely. Then g fixes 8 points and this set of points forms a 2 -(8, k, 1) design which is possibly trivial. Then k = 8 and g fixes all the points of a given block. Since there are only 9 blocks through a point a, g fixes another block on which it acts as a 7-cycle. This would imply that G acts doubly transitively, which can be assumed to be false.
Finally, if G, contains a non-simple socle, then there would have to be an element of order 7 with a non-soluble centralizer. This is now false because the only elements of order 7 act fix-point-freely.
